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Abstract. In this article we construct a minimal symplectic 4-manifold R that has small Euler characteristic 
(e(i?) = 8) and two essential Lagrangian tori with nice properties. These properties make R particularly 
suitable for constructing interesting examples of symplectic manifolds with small Euler characteristic. In 
particular, we construct an exotic symplectic CP'^#5CP^, the smallest known minimal symplectic 4-manifold 
with TTi = Z, the smallest known minimal symplectic 4-manifolds with tti = Z/a © Z/6 for all a, fe S Z, and 
the smallest known minimal symplectic 4-manifold with tti =T? . We use the tti = Z example to derive a 
significantly better upper bound on the minimal Euler characteristic of all symplectic 4-manifolds with a 
prescribed fundamental group. 

1. Introduction 

Combining the construction of taking symplectic sums along a genus 2 surface in (T^ x S'^)#4CP (which 
we learned from a recent article of article of Akhmedov [2] and also an article of Ozbaggi and Stipsitz [l8]). 
with the method of (symplectic) Luttinger surgery ([151 fT|) along Lagrangian tori, in this article we prove 
the following theorem (see Theorem |6]). 

Theorem. There exits a minimal symplectic 4^-manifold R containing a pair of homologically essential 
Lagrangian tori Ti , T2 . The manifold R satisfies 

• The Euler characteristic e(i?) = 8, the signature a{R) — —4, 

• the meridians to Ti and T2 are nullhomotopic in R — (Ti U T2), 

• 7ri(i?) = 1? and the map 7ri(i? — (Ti UT2)) tti{R) is an isomorphism, 

• the inclusions induce the homomorphisms 1?' = 7ri(Ti) tti{R), (s,t) i-^ (s,0) and l? = 7ri(T2) — > 
7ri(i?),(s,t) ^ (0,i). 

Combined with techniques such as Gompf's symplectic sum [12) and Luttinger surgery [T] we use R to 
construct interesting examples of minimal symplectic 4-manifolds with prescribed fundamental group and 
small Euler characteristic. In particular, we construct: 

(1) A symplectic manifold M with 7ri(M) = Z, e(M) = 8, cr(M) = -4. This manifold contains a 
symplectic torus T with trivial normal bundle which can be used as a smaller replacement to the 
elliptic surface -^(l) to kill elements in fundamental groups of symplectic 4-manifolds (Theorem [7l) • 

(2) For each group G = Ij a © with a, h arbitrary integers, an infinite family of minimal symplectic 

4-manifolds with fundamental group G, Euler characteristic 8 and signature —4 (Theorem |9]) . The 

.2 2 

case a = h = \ yields minimal symplectic 4-manifolds homeomorphic to CP #5CP . 

(3) For each group G presented with g generators and r relations, a minimal symplectic 4-manifold with 
fundamental group G, Euler characteristic 12-|-8((7-|-r) and signature — 8 — 4((7-|-r). This significantly 
improves the main result of [6]. 
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2. Some topology 

Consider the union of three symplectic surfaces (T^ x {si}) U ({r} x S*^) U {T'^ x {32}) in the symplecctic 
4- manifold x 5*^ (with the product symplectic form). Resolving the three double points symplectically 
([12j) yields a genus 2 symplectic surface F with self-intersection 4. Blowing up x S*^ along four points 
on F and taking the proper transform yields a genus 2 surface (which we continue to call F) in 

The symplectic surface F a W has the easily verified properties: 

(1) Based loops ai, 61, 02, 62 on F representing the standard symplectic generators can be chosen so that 
7ri(F) = (ai, 61, a2, 62 | [ai, 61] [02, ^2] = 1) in such a way that 7ri(_F) surjects to 7ri{W) = ZaQ)Zb by 
the assignment 

ai i-^ a,bi 6, a2 i— > a^^ , 62 

(2) F intersects each of the four —1 exceptional spheres transversely once. 

(3) F has a trivial nomal bundle. 

Fix a trivialization of the normal bundle of F, and hence an identification of the boundary of a tubular 
neighborhood of F with F x S^. The meridian of F is the curve {p} x — fip W — F which is the 
boundary of a small normal disc to F. Up to a (free) homotopy, we may assume that fip lies on one of the 
exceptional spheres, and hence fip is nuUhomotopic in W — F. In particular, since F is connected, every 
homotopy that intersects F can be replaced by a homotopy that misses F. Since every loop in W can be 
pushed off F it follows that the inclusion W — F C W induces an isomorphism on fundamental groups. 
Hence tti{W ~ F) — Za ® Z6, and the push off of F into W — F using the trivialization again induces the 
homomorphism oi 1— » a, 61 1— > b, 02 1-^ a^^, 62 '—^ b^^. 

(Matsumoto [IB] describes a Lefschetz fibration f : W ^ with generic fiber F and with eight singular 
fibers; the monodromy given by the relation {DiD2Dj,D4)^ = 1 in the mapping class group of F^ where Di 
is the positive Dehn twist about the curve Ci of [13,, pg 325].) 

Lemma 1. Let R be any ^-manifold containing a genus 2 surface G with trivialized normal bundle. Let 
(j) : F ^ G be a dijfeomorphism, and set gi = (f)^:{ai),hi = <j)*{bi) in 'Ki(R). Given a map t : F —> , let 
(j) : F X ^ G X the dijfeomorphism given by 0(a, s) — {(/){a),T{a) ■ s). Then the sum 

S = R#f,gW = (i? - nbd{G)) {W - nbd{F))) 

has fundamental group 

TTi{S) = Tri{R)/N{g2gi,h2hi, [gi,hi]) 

where N{gig2,hih2,[gi,hi]) denotes the normal subgroup generated by gig2, hih2, and the commutator 
[91, hi]. 

Proof. The homomorphism 7ri(i?— G) — > 7ri(i?) is a surjection since every loop can be pushed off G, and the 
kernel is normally generated by the meridian fic — 4>{iJ'f) because any homotopy can be made transverse to 
G and G is connected. 

The Seifert-Van Kampen theorem implies that 7ri(S') is the quotient of the free product tti{R — G)*tti{W — 
F) = 7ri(_R — G) * (Za © Z6) by the normal subgroup generated by (1>{iif)ij.q^ , gia~^ , hib~^ , g2a, h2b. Since 
fiF = ^, this can also be described as the quotient of 7ri(i?) * (Za©Z&) by the normal subgroup generated by 
gia~^, hib~^, g2a, h2b. We can then eliminate the generators a and b and conclude that 7ri(S') is the quotient 
of 7ri(i?) by the normal subgroup generated by 3251, ^2^1 j and the commutator [gi, hi]. 

□ 

We next construct a useful building block for our subsequent constructions. We will postpone the dis- 
cussion of symplectic structures until the next section. Our emphasis now is on a careful calculation of 
fundamental groups. 

We begin with the statement of a well-known lemma which computes the fundamental groups of general- 
ized mapping tori. We omit the standard proof. 
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Lemma 2. Let X be a finite connected CW complex with base point xq, i '■ Y d X the inclusion of a 
connected subcomplex containing xq, and f : Y ^ X a continuous base point preserving map. Suppose 
7ri(X, Xq) is generated by loops xi,--- ,Xg, with a presentation {xi,--- ,Xg \ Wi,--- ,Wr), and 'Ki{y,Xo) is 
generated by loops 71 , • • • , 7„ . 

Let Z = X X [0, 1]/ ~ where (y,0) ^ (/(j/), 1) for y £Y. Give Z the base point zq — (xo,0) and denote 
by Xi G 7ri(Z, Zq) again the images of the loops Xi under the map X ~ X x {0} C X x [0, 1] — > Z. Let 
t £ 7ri(Z, Zq) denote the loop u (xq, u) <Z X x [0, 1] Z . 

Then 7ri(Z, zq) has the presentation 

Zo) = {t,Xi, ■■■ ,Xg I Wi, ■ • • ,Wr,ti^{ji)t^'^ = f*{ll), ■ ■ ■ ,i»*(7n)i~^ = f*{jn))- 

□ 

Let H he a, once punctured torus. Choose a base point h £ H an. the boundary of LI and denote by 
x,y £ 7ri(iJ, /i) the two standard symplectic free generators of the fundamental group. Let D : LI ^ LI 
denote the Dehn twist along a curve parallel to x. Let K £ LL denote a loop parallel to y and L a loop 
parallel to illustrated in the following figure. 




Figure 1. The surface LL. 

Let Z denote the mapping torus oi D : H ^ LL, i.e. 

Z = H x[0, 1]/ - where {x, 0) - {D{x), 1). 

Thus Z is a fiber bundle over — [0, l]/(0 ^ 1) with fibers H. Let C — Z x S^. For convenience we think 
of the second coordinate as [0, l]/(0 ^ 1). Hence we give C coordinates {a,u,v) £ H x [0,1] x [0, 1]. We 
have loops x = x x {0,0),y = y x (0,0), t = {h} x I x {0}, and s = {h} x {0} x / all based at h — {h,0,0) 
(note that D fixes h, so that t and s are loops). Applying Lemma [2] gives: 

7ri(C) = {x, y, t \txt~^ — X, tyt^^ — yx) Zs = {x, y, t \ [t, x], [y^^ ,t]x^^) Zs. 

There are two interesting tori in C. One is the torus Ti = K x {0} x 1/ the other is the torus 
T2 = L X I X {0}/ ^. Notice that the definition of T2 makes sense since L misses the support of the Dehn 
twist D. 

We connect Ti and T2 to the base point (h, 0, 0) as follows. For Ti, follow the path in H x {(0, 0)} starting 
at {h, 0, 0) illustrated in Figure 1 to the intersection of the loops labeled x and y, then follow x in the reverse 
direction a short way until you reach K — K x {(0,0)} £ Ti. For T2 follow the path to the intersection of x 
and y, then follow y backwards until you hit L = L x {(0,0)} C T2. Based this way, the two generators of 
7ri(Ti) map to the classes y and s in 7ri(C), and the two generators of 7ri(r2) map to the classes x and t in 

We are interested in the fundamental group of their complement and corresponding meridian circles. We 
begin with the calculation of ni{C - Ti). Notice that (identifying K with K x {0}) C-Ti = {Z-K)x 5\ 
and hence 7ri(C — Ti) ~ tti{Z — K) Zs. Moreover the meridian /ii of Ti (the homotopy class of the 
boundary of a small 2-disk transverse in C to Ti) is represented by a loop in Z — K. 
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Since Z — K is constructed as the quotient of H x [0, 1] where {x, 0) ^ {D{x), 1) for x E H — K, and 
TTi{H — K) is generated by y and c = [x, y] = OH, it fohows from Lemma [2] that 

^i(C-Ti) = {x,y,t I [y-\t]x-\[t,[x,y]])(BZs 

and the map tti{C — Ti) — > 7ri(C) takes x to x, y to y, i to t, and s to s. The meridian /^i is represented by 
[t,x]. 

A similar argument computes tti{C — T2): this time C — T2 = Z x [0, 1]/ ^, where (z, 0) (z, 1) when 
z € Z — T2. Thus the generator s only commutes with those elements of i^i{Z) which are represented by 
loops that miss T2. Lemma [2] implies 

7ri(C-T2) = {x,y,t,s \ [t,x],[y^^,t]x^'^,[s,x],[s,t]) 

(with the obvious morphism to 7ri(C)) and the meridian fi2 is represented by [s,y]. 

Finally, note that the boundary dC is a 3-torus, with 7ri(9C, h) = Zc © Zt © Zs with c — [x, y]. 

Remark. The only subtle parts of these calculations are the computations of fii and fi2- However, an 
alternative and simpler calculation which is quite sufficient for our purposes is the following. Notice that the 
torus Ti intersects T2 transversally in one point, say p. Choose a pair of loops on T2 which miss p and are 
freely homotopic to x and t. Connect these loops to the base point of C in C — Ti, and call the result x' 
and t' . Then obviously is a meridian for Ti. Moreover, t' is conjugate to t and x' is conjugate to x. 

To anticipate what follows, notice that if C Ti is modified in some way so that x becomes nuUhomotopic, 
then x' also becomes nuUhomotopic and hence also [t'^x']. The same argument shows that a meridian for 
T2 is of the form [s', y'] for some curves s' conjugate to s and y' conjugate to y. 

3. The symplectic manifold R 

Let G denote another surface of genus 2, with base point g. Fix based loops xi,yi,X2,y2 representing 
a symplectic basis of 7ri(G). Let Di : G ^ G denote the Dehn twist about a curve parallel to Xi, and let 
D2 : G ^ G denote the Dehn twist about a curve parallel to 2/2- Let K he a. curve parallel to yi and L a 
curve parallel to y2- These curves are illustrated in the following figure. 




Figure 2. The surface G. 

Denote by : G — > G the composite = D2 o Di. The mapping torus of </) is a 3-manifold 

r = G X [0, 1]/ where {x, 0) - (</.(a;), 1) for x e G. 

The projection Y x [0, 1] [0, 1] determines a fibration p : Y ^ oi Y over the circle. Let B = Y x . 

Notice that B is the union along their boundary of two copies of the manifold G constructed in the 
previous section, but with a reversal of the roles of x and y in the second copy (to the right in the figure). 
The Seifert-Van Kampen theorem coupled with the calculation of the previous section give 

TTi{B) = {xi,yi,X2,y2,s,t \ [xi,yi][x2,y2], [t,xi], [y^^,t]x^^, [x2^,t]y2^, [t,y2]) © Zs. 
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As before, we view i? as a quotient of G x [0, 1] x [0, 1]. We then have three disjoint surfaces in B: a pair 
of tori 

Ti = if X {0} X // - 
T2 = LxIx {0}/ - 

and a genus two surface 

G = Gx{i}x{i}/^. 

The tori Ti and T2 can be connected to the base point {g, 0, 0) by the chosen path in G x {(0, 0)}, and G 
can be connected to the base point using the path {g, u,u),u & [0, The correspond to the tori identified 
in the previous section (again with an appropriate reversal of x and y in the second copy of G) , and so the 
Seifert-Van Kampen theorem can be used to compute 7ri(_B — (Ti UT2)) and the two corresponding meridians 
Ail, 

We summarize the resulting fundamental group calculations in the next proposition. 

Proposition 3. For the manifold B constructed above and the three surfaces Ti,T2 and G we have 

TTi{B) = {xi,yi,X2,y2,t \ [xi,yi][x2,y2], [t,xi], [yY^,t]x^^, [x2^,t]y2^, [^,2/2]) © Zs, 

7ri(G) is generated by Xi,yi,X2, and y2, ■ni{Ti) is generated by yi and s, ni{T2) is generated by y2 and t. 
Moreover, ■ni{B — (Ti U T2)) is generated by xi, yi, X2, 2/2, t and s subject to the relations 

[xi,yi][x2,y2] = [yi^,t]x^^ = [t, [xi,yi]] = [x^^,t]y2^ = [t, ^2] = [s,xi] = [s,yi] = [s,t] = [5,2/2] = 1- 

In this group the meridian of Ti is (up to conjugation and change of orientation) /ii = [2^1,^] and the 
meridian of T2 is ^2 = [x2,s\. □ 

There is a standard procedure, due to Thurston [2T, for constructing a symplectic structure on B for 
which G is a symplectic submanifold, and for which the tori Ti and T2 are Lagrangian. Since it is critical 
for us that these tori be Lagrangian, we give a proof of this fact for the convenience of the reader. 

Lemma 4. Let A denote an annulus [0, 1] x 5^. Then there exists an area form a on A and a diffeomorphism 
D : A ~> A isotopic to a Dehn twist supported away from a neighborhood of the boundary so that D*{a) — a. 

Proof. Let g : [0, 1] [0, 27r] be a smooth non-decreasing function so that g{x) = for x < ^ and g{x) = 2ti 
for x > |. Define i) : [0, 1] x R ^ [0,1] x R by b{x,y) = {x,y + g{x)). Then D*{dx A dy) = dx A dy. 
Since D{x, y + 2tt) = D{x, y), D descends to a diffeomorphism of [0, 1] x which represents a Dehn twist, 
preserves the standard area form, and is supported away from the boundary. □ 

Corollary 5. There exists a symplectic structure on B so that G is symplectic and Ti and T2 are Lagrangian. 
Moreover, B is minimal. 

Proof. By Lemma S] we can find a Riemannian metric g on the surface G so that the Dehn twists Di and D2 
preserve the area form a{g) and are supported in small annular neighborhoods that miss the curve L. Let 

i = 1, 2, 3 denote the projections of G x [0, 1] x [0, 1]. Then w = ql{a{g)) + q2{dt) A q^ids) is a symplectic 
form on G X [0, 1] x [0, 1] for which the shces G x {(t, s)} are symplectic and K x {0} x / and Lx I x {0} are 
Lagrangian. Since {D2D1)* {a{g)) — a{g) and since dt and ds descend to S^, uj descends to a well defined 
symplectic form on B for which G is symplectic and Ti and T2 are Lagrangian. 

To see that B is minimal, it sufhces to observe that the universal cover of B is contractible, and so 
'^2(B) ~ 0, since this implies that there are no spheres of self- intersection —1. □ 

Rescale the symplectic form on Matsumoto's manifold W if necessary so that the symplectic fiber F = 
Fp C W is symplectomorphic to the symplectic surface G C B. Fix a symplectomorphism which takes the 
generators 01,61,02,62 of 7ri(_F) to xi,yi,X2,y2 S 7i'i(G) respectively. 



6 



SCOTT BALDRIDGE AND PAUL KIRK 



Then form the symplectic sum R — W^f,gB of W and B along F and G. As explained in Lemma [1] 
the fundamental group of R is obtained from 7ri{B) by setting xi ~ ,yi = 1/2^ j requiring xi and yi 
to commute. Thus: 

7ri(i?) = {xi,yi,t\ [xi,yi],[xi,yi][x];^,y^^],[t,xi],[y^^,t]x];^,[xi,t]yi,[t,yj;^]) ®1s 
= Zt® Zs. 

In fact, the fourth and sixth relations force a;i = 1, and then the fifth relation forces yi = 1. 

The complement of Ti UT2 in R is the sum of W with B — (Ti UT2) along F and G. Taking the presentation 
of 7ri(B — (Ti U T2)) of Proposition [31 setting xi = X2^,yi = J/^^, and requiring xi and yi to commute, 
one sees that [t, yf^] — 1 and [y^^,t]x^^ ~ 1. This forces xi = 1. Then [xi,t]yi — 1 forces yi = 1. The 
presentation thus reduces to 

ni{R - (Ti U T2)) = Zt® Zs. 

In particular fii and /Z2 are trivial in 7ri(i? — (Ti U T2)). 

Gompf 's symplectic sum theorem [T^] guarantees that a symplectic structure can be found on R for which 
the tori Ti and T2 remain Lagrangian. Notice that each Ti represents a non-zero class in H2{R;^)- In fact, 
the union of a small transverse to Ti and a nuUhomotopy of ni in R — (Ti UT2) gives a (singular) 2-sphere 
intersecting Ti transversally in one point. This shows that Ti represents a non-zero class in H2{R]M.) and 
H2{R — r2; M). Similarly T2 represents a non-zero class in H2{R; M) and H2{R — Ti; R). The classes [Ti] and 
[T2] are not multiples of each other since the singular 2-sphere dual to Ti misses T2. It follows p2 Lemma 
1.6] that the symplectic form on R can be perturbed by an arbitrarily small 2-form so that Ti and T2 become 
symplectic. 

The Euler characteristic of R is computed using the formula e{A^HB) = e{A) + e{B) — 2e{H) valid for any 
symplectic sum of 4-manifolds. From this formula we first see that e{R) = e{W) + e{B) -1-4 = 4-1-0-1-4 = 8. 
Novikov additivity computes the signature a{R) = <j{W) + a{B) = —4. We will show in Theorem [Til below 
that R is minimal. 

We summarize the properties of the manifold R in the following theorem 

Theorem 6. There exists a closed minimal symplectic ^-manifold R with Euler characteristic e{R) — 8 
and signature cr[R) = —4 containing a disjoint pair of Lagrangian, homologically essential tori Ti, T2 with 
trivial normal bundles so that tti{R) = Zt ® Zs and such that the homomorphism induced by the inclusion 
7ri(i? — (Ti U T2)) — > 7ri(i?) is an isomorphism. 

Moreover, the meridians fXi and ^2 to the tori Ti and T2 are nullhomotopic in R — (Ti U T2). The 
homomorphism induced by inclusion ■Ki{Ti) 7ri{R) takes one generator to s and the other to the identity 
and the homomorphism 7ri(T2) — > 7ri(i?) takes one generator to t and the other to the identity. The symplectic 
form can he perturbed slightly so that one or both of the tori Ti become symplectic. □ 

4. Modifying R by Luttinger surgery 

We can use Luttinger surgery [15] to modify i? in a neighborhood of the Lagrangian torus Ti (and T2). 
This symplectic construction is carefully explained in Ij . We recall the relevant details for the convenience 
of the reader. 

An oriented Lagrangian torus T in a symplectic 4-manifold M has a tubular neighborhood symplecto- 
morphic to a neighborhood of the zero section in its cotangent bundle by the Darboux theorem. Thus if x, y 
are oriented coordinates on T (i.e. we fix a universal covering T) then dx, dy trivialize the cotangent 

bundle of T, and thereby one obtains a framing x D"^ ^ M of a tubular neighborhood of T in M called the 
Lagrangian framing. As observed in [8J, this framing can be described by the condition that T^ x {a;} C M 
is Lagrangian for all x G . 

Luttinger showed that the manifold obtained by removing the tubular neighborhood T x from M 
and regluing using an appropriate orientation preserving diffeomorphism ip : T x T x yields a 

new manifold which admits a symplectic structure which agrees with the given symplectic structure on 
M ~T X D^. To be precise, if we denote the generators of Hi{T) (as well as their push offs into Hi{T x S^) 
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using the Lagrangian framing by a, and the meridian of T by /x, Luttinger surgery yields a symplectic 
manifold if 

ipt{a) — a, i'^iP) — (3, and V'h-Cm) ^ aa + bl3 + fi. 
Let k = gcd(a, b) and set 7 to be the embedded curve 7 = -^{act + b(3), we denote the resulting symplectic 
manifold by AI{j,k). Notice that (identifying 7ri(T x S^) with Hi{T x S^) and writing multiplicatively) 

^i(M(7,A:)) = 7ri(Af - r)/Ar(7V). 

This is because gluing in T x can be accomplished by gluing in one 2 handle attached along 7*^/1, then 
gluing in two 3-handles and one 4-handle. 

The manifold M{'-f,k) is called 1/k Luttinger surgery on T along 7 (the terminology comes from the 
observation that locally M is obtained by doing a, 1/k Dehn surgery and crossing with 5*^). Notice that 
e(M(7, k)) = e(M), and Novkov additivity shows that cr(M(7, k)) = a{M). 

We apply Luttinger surgery to Ti C R. Take 7 = 5 and fc = 1, and denote the resulting manifold by 
i?(s, 1) by P. Then 

^i(P) = 7ri(i? - Tl)/N{s^ll) = Zt, 
and e(P) = 8 and cr(P) = -4. Similarly 

MP - T2) = MR- {Ti U T2))/N{stJLi) = Zt 
and the meridian ^2 to T2 in P — T2 is trivial, since it is trivial in 7ri(i? — (Ti U 72))- 

Remark. In the preceding paragraph we did not mention the Lagrangian framing, although the reader 
may check that there is a curve on Ti whose Lagrangian push off is s G 7ri(i? — (Ti U T2)). An alternative 
construction of the manifold R is given in Section [5] in which it is obvious that the Lagrangian framing is 
obtained by pushing the curve K off itself in the fiber G (and taking the product with 5*^). 

However, note that if we take an arbitrary framing to push curves off Ti, the resulting push offs will 
differ from the Lagrangian framing push offs by some power of /ii. Since /ii = 1 in 7ri(i? — (Ti U 72)), the 
fundamental group calculation is the same: s is killed, leaving t. 

We will prove that P is minimal in Theorem 1111 below. 

We summarize these facts in the following theorem. To simplify the statement we denote r2 simply by T . 

Theorem 7. There exists a closed minimal symplectic 4^-maniJold P with fundamental group Z, Euler 
characteristic e{P) = 8 and signature cr{P) = —4 which contains a Lagrangian (or symplectic) homologically 
essential torus T with trivial normal bundle such that 

(1) The induced homomorphism tti{P — T) ''^liP) an isomorphism, 

(2) The meridian of T is trivial in 7ri(P — T), and 

(3) the induced homomorphism i^i{T) — > tti{P) takes one symplectic generator to the generator oJ'Ki{P) 
and maps the other generator to the identity. 

□ 

Our interest in this manifold is two fold. First, it is the smallest known (to us) symplectic 4-manifold 
with fundamental group Z, where we measure the size using the Euler characteristic (or equivalently the 
second Betti number). (Constructions of symplectic manifolds with fundamental group Z can be found in 
the literature, e.g. [TH], [H], [21] ■) The other reason is that it can be used as a smaller replacement for 
the elliptic surface E{1) typically used to control fundamental groups of symplectic 4-manifolds. We will 
illustrate this in subsequent sections, using the following theorem. 

Theorem 8. Let M be a symplectic ^-manifold containing a symplectic torus T' with trivial normal bundle 
such that x,y G 7ri(M) represent the images of the two generators of-Ki{T'). Then the symplectic sum of P 
and M along T and T' , Pf/=TM, admits a symplectic structure (which agrees with that of P and M away 
from T, T' ) symplectic and satisfies 

e{P#TM) = e(M) + 8, c7{P#tM) = cr(M) - 4, and 7ri(P#TM) = ni{M)/N{x) 
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where N(x) denotes the normal subgroup of t:i{M) generated by x. □ 

In a different direction, we can perform Luttinger surgery on botfi Lagrangian tori Ti and T2. Suppose 
we are given embedded curves 71 C Ti representing piyi + qis and 72 C T2 representing P22/2 + 92^, where 
PiyQi are relatively prime integers and P2,q2 are relatively prime integers. Suppose further that a pair of 
integers fci, fc2 are given. 

Let Q — (5(fci, 7i; fc2, 72) denote the symplectic 4-manifold obtained by performing Luttinger surgery 
so that Hi and 72^/^2 bound discs after regluing. We will prove that Q{ki, s; k2,py2 + t) is minimal in 
Theorem [TT] below. 

Using Frccdman's theorem [11 and Taubes's theorem [26j that minimal symplectic manifolds do not 
contain —1 spheres we immediately conclude the following. 

Theorem 9. The symplectic manifold Q{ki,piyi-\-qiS] k2,p2y2+<l2t) has Euler characteristic 8 and signature 
—4, and fundamental group Z/ (fcigi) © Z/ (fc2'?2)- It is minimal when pi = 0, qi — 1 and q2 — 1. 

2 

In particular, Q(l,piyi + s; 1,^22/2 +t) is simply connected and hence is homeomorphic to CP'^^bCP . 

2 

The manifolds Q(l, s; l,py2 + t) (indexed by p Eli) are minimal, hence not diffeomorphic to CP^^SCP . □ 

Looking from the inside out, we can define M — Q{1, s;l,t). Then M is a minimal symplectic manifold 
2 

homeomorphic to CP^#5CP which contains a (nuUhomologous) Lagrangian torus T2. Moreover, for each 
integer p, the manifold M{p) = (5(1, s; l,py2 + t) is another minimal symplectic manifold homeomorphic to 

CP^#5CP , obtained from M by performing Luttinger surgery on r2. It seems reasonable to conjecture 
that these are all smoothly distinct. 

The construction of manifold homeomorphic but not diffeomorphic to CP^^fcCP^s for A; < 9 began with 

Donaldson's seminal example [7] that the Dolgachev surface i?(l)2,3 is not diffeomorphic to CP^#9CP . In 

1989, Kotschick [14] proved that the Barlow surface is homeomorphic but not diffeomorphic to CP^#8CP^. 

In 2004 J. Park [5T] constructed the first exotic smooth structure on CP^#7CP . Since then Park's results 

have been expanded upon in [191 1251 [HI US] , producing infinite families of smooth 4-manifolds homeomorphic 

2 2 

but not diffeomorphic to CP #fcCP for fe = 5,6, 7,8. The n = 5 examples are not symplectic. 

In [2], Akhmcdov produced the first example of an symplectic 4-manifold homeomorphic to but not 

diffeomorphic to CP^#5CP . He uses a different construction from ours, although the manifold W is a 
key ingredient in his construction, as in ours. Very recently Akhmedov, Baldridge, and Park [3l [5] have 

constructed minimal symplectic manifolds homeomorphic to CP^^SCP . 

There is also an interesting literature on the construction of manifolds homeomorphic but not diffeomor- 
phic to 3CP^#nCP for small n. D. Park [20] has constructed many such manifolds and Akhmedov ^ article 
contains the construction of a minimal symplectic manifold homeomorphic to 3CP^#7CP . In their recent 
work Akhmedov, Baldridge, and Park [3] (5] have constructed minimal symplectic manifolds homeomorphic 
to 3CP^#5CP^ 

Note that the smallest previously known symplectic 4-manifolds with cyclic fundamental group have 
e > 10. There are smooth manifolds with cyclic fundamental group and e = 2, and any closed 4-manifold 
with cyclic fundamental group has e > 2. In any case, any symplectic 4-manifold with cyclic fundamental 
group has e + a > 4. 

5. MINIMALITY 

In this section we prove that the manifolds constructed above are minimal. The key result is the following 
theorem. 

Theorem 10. Let T'^ = (S^ x S^) x (S^ x S^) be given the product symplectic form. Let Ti ~ x {a} x 
X {a}, and T2 ^ x {b} x {b} x where a^b. Denote by x,y,z,w £ 7ri(T'*) the generators given by 
the coordinate circles. 
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Then the symplectic manifold M obtained from 1/fci Luttinger surgery on Ti along x and l/fc2 Luttinger 
surgery on T2 along w is minimal. 

Proof. Notice first that the Lagrangian framings for the tori Ti and T2 are obvious: the parallel Lagrangian 
tori are obtained by varying the points a and b. 

Let M denote the symplectic manifold obtained by Luttinger surgery on Ti along x and l/fc2 

Luttinger surgery on T2 along w. 

It is straightforward to check that 1/fci surgery on Ti along X transforms T"* = (T^) x into N x S^, 
where iV is the 3-manifold that fibers over with monodromy D^^ : ~> T^, where denotes the Dehn 
twist on along the first coordinate. This is explained in fTJ pg. 189]. 

View X S*^ as a trivial circle bundle over N. Then the fiber is represented by the curve w and T2 is the 
restriction of this circle bundle to a; x {{b, b)} in N. Luttinger surgery on T2 along w corresponds to twisting 
the bundle over x, i.e. replacing N x ^ N hy the bundle M ^ N with first Chern class equal to k2 
times the Poincare dual of x in N. Details can be found in [4j. In any case one can check directly from the 
formula that M has a free circle action which coincides with the action on iV x 5*^ away from T2. 

Thus M is an bundle over a fibered 3-manifold N with fiber a torus. It follows from the long exact 
sequence of homotopy groups that 7r2(M) = 0, and hence M contains no essential 2-spheres. In particular, 
M is minimal. □ 

If 5 : T'^ ^ is a symplectic diffeomorphism then obviously the manifold obtained by 1/fci surgery on 
S(Ti) along S(x) and 1/^2 surgery on S(T2) along S{w) is also minimal. So for example, the linear transfor- 
mation S' : ^ M"* given by S{x, y, z,w) = {x,y + pz, z, px + w) descends to a symplectic diffeomorphism 
of which leaves and invariant. Thus the manifold obtained by 1/fci surgery on Ti along x and 
1/^2 surgery on T2 along x^w is also minimal. 

Given an integer fci, let Mi(fci) denote the symplectic manifold obtained from T"* by two Luttinger 
surgeries: 1/1 surgery on Tq = x {a} x {a} x along x and 1/fci surgery on Ti — {b} x x {b} x 5*^ 
along w. After suitably permuting coordinates. Theorem [TUl implies that Mi(fci) is minimal. Note that T** 
contains a pair of (intersecting) symplectic tori Ri — {c} x {c} x x and Gi — x x {d} x {d} 
disjoint from Tq and Ti; these tori remain symplectic in Afi(fci). 

Given a pair of integers p and k2, let Af2(p, ^2) denote the symplectic manifold obtained from T'^ by 
two Luttinger surgeries: 1/1 surgery on T3 — {a} x x {a} x S-^ along y and 1/^2 surgery on T2 = 
{b} X X X {b} along y^z. Theorem [TOl implies that M2(p, ^2) is minimal. Again, T** contains a pair of 
symplectic tori R2 — {c} x {c} x x and G2 = x x {d} x {d} disjoint from T3 and T2; these tori 
remain symplectic in M2{p, ^2)- 

The fiber sum of Mi(fci) and Af2(p, ^2) along i?i and R2 is therefore a minimal symplectic manifold by 
Usher's theorem pF;. Denote this manifold by M{ki,p, k2). Note that the two symplectic surfaces Gi and 
G2 can be matched up to produce a symplectic genus 2 surface G C M{ki,p, k2) pj,. Taking the symplectic 
sum of M(fci,p, ^2) with the manifold W along the genus two surfaces G and F again produces a minimal 
symplectic manifold by Usher's theorem since the exceptional spheres in W all intersect the genus two surface 
F. 

A straightforward examination of the constructions shows that this fiber sum M{ki,p, A;2)#gW^ is exactly 
the symplectic manifold denoted by Q(fci, 71; A:2, 72) in Section [H where 71 = s (so pi — 0, qi ^ 1 in the 
notation of Section [4]) and 72 = py2 + t (so p2 = p, q2 — In fact, note that the fiber sum of two copies of 
along i?i and R2 gives G x T^. The Luttinger surgeries along the tori Tq and T3 correspond exactly to 
replacing the trivial bundle G x S*^ — > S*^ by the fiber bundle with monodromy the Dchn twists Di and D2. 
The remaining tori Ti and T2 coincide with the tori labelled Ti and T2 in Section [3] and one checks that the 
surgery coefficients are correct. We summarize these facts in the following theorem. 

Theorem 11. For any triple of integers ki,k2,p, the symplectic manifold Q{ki, s;k2,py2 + t) is minimal. 
Its fundamental group is given by 

7i'i(Q(fci, s; k2,py2 + t)) = Z/fci © Z/fc2. 
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It has Euler characteristic equal to 8 and signature —4. 

In particular, the symplectic manifold R = (5(0, s,0, i) with fundamental group 1? of Theorem\^is min- 
imal, the manifold P = Q{1, s,0,t) with infinite cyclic fundamental group of Theorem^ is minimal and 
the simply connected manifolds M{p) — Q{1, s;l,py2 + t) of Theorem\^ are minimal (and hence exotic) 
manifolds. □ 



Remark. We have not tried to be as general as possible in Theorem [TT] Presumably a more careful 
examination will reveal that 7i; ^2, 72) is minimal for arbitrary 71 and 72. We believe our approach 

has much potential: one can consider more complicated monodromies, symplectic sums of more than two 
copies of T^, and hence surfaces of higher genus and surgeries along more Lagrangian tori, and the use of 
other manifolds besides W. 



6. More applications. 

6.1. Free abelian groups. We first give an easy application of Theorem[5] Let M denote the 4-torus with 
its natural symplectic structure and T' C M one of the coordinate symplectic tori. 

Corollary 12. P^y7\/ is a symplectic ^-manifold with fundamental group 1? , Euler characteristic 8, and 
signature —4. □ 

The smallest previously known example of a symplectic 4-manifold with fundamental group 1? has e = 12 
and any such symplectic manifold must have e > 3 ([6]). 

More generally, the technique of ^ Theorem 20] allows us to improve the construction of symplectic 
4-manifolds with odd rank free abelian groups by taking the fiber sum of S't/m^(_F„) (Fn a surface of genus 
n) with the manifold P, rather than the larger manifold of [HI Lemma 18]. We refer the interested reader 
to loc.cit. for details of the proof of the following corollary. 

Corollary 13. There exists a symplectic 4-manifold M with 7ri(M) = 1?"^^^ such that e{M) = 11 — 5n + 2n^ 
and (t{AI) — —3 — n. □ 

This is an improvement over the upper bound min^^jAz-j^g^"-! e(M) < 15 — 5n + 2n^ of [51 Theorem 20], 
but still far from the lower bound 6 ~ 7n + 2n^ < minjrj(M)=z2"-i e(M). Better constructions are needed to 
decrease the upper bound (or to increase the lower bound). 

6.2. Arbitrary fundamental groups. As explained in Section 4 of [6 , the existence of the symplectic 
manifold P and its symplectic torus T of Theorem [8] allows us to improve (by 30%) the main result of loc.cit. 
to the following theorem. 

Theorem 14. Let G be a finitely presented group that has a presentation with g generators and r relations. 
Then there exists a symplectic ^-manifold M with -kiM = G, Euler characteristic e{M) — 12 + 8((7 + r), and 
signature cr{AI) = — 8— 4(g+r). Moreover, M contains a symplectic torus that lies in a cusp neighborhood. □ 

Proof. In the proof of [51 Theorem 6] a symplectic 4-manifold TV is constructed whose fundamental group 
contains classes s, i, 71 , ■ • ■ , "ir+g so that G is isomorphic to the quotient of tti {N) by these classes. Moreover, 
N contains symplectic tori Tq, Ti, • • ■ ,Tg^r so that the two generators of 7ri(To) represent s and t, and for 
i>\ the two generators of 7ri(Ti) represent s and 7^. 

Let E{\) denote the elliptic surface with e{E{l)) = 12, the fibration chosen to have (at least) two cusp 
fibers, let Fi, F2 be regular fibers with Fi near one cusp and F2 near another. Take the fiber sum of N with 
E{1) along Fi, and g -\- r copies of the manifold P of Theorem [7] along the tori T^, z > 1 in such a way that 
the 7i are killed. Then a repeated application of Theorem [H] computes 

^i(M) = ^i(7V)/7V(s,i,7») = G, e(A/)-12 + 8(g + r), ct(M) = -8 - 4(5 + r). 



The torus F2 survives in M as a symplectic torus which lies in a cusp neighborhood. 



□ 
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An examination of the proof of Theorem 6 of [5] shows that Theorem [TJ] can be improved for certain 
presentations, namely, one can find M so that e(M) = 12 + 8(g' + r) and (j{M) = —8 — A{g' + r), where 
g' is the number of generators which appear in some relation with negative exponent. Thus if G has a 
presentation with r relations in which every generator appears only with positive exponent in each relation, 
then there exists a symplectic M with tti{M) — G, and e{M) — 12 + 8r, a{M) = —8 — 4r. Moreover, using 
Usher's theorem PEI one sees that the manifolds constructed are minimal. 

These manifolds can all be assumed to contain a symplectic torus in a cusp neighborhood, since we use 
one copy of E{1) to get the construction started. Thus the geography results of J. Park [52] can be improved 
to find a larger region of the (cf,x/i) plane for which to each pair of integers in that region one can find 
infinitely many non-diffeomorphic, homeomorphic minimal symplectic manifolds with fundamental group G. 

Another (decidedly minor) improvement concerns groups of the form G x Z: for a presentation of G 
as above there exits a symplectic manifold M with 7ri(M) = G x Z, e(M) = 8{g' + r + 1), and a{M) = 
—4:{g' + r + 1). The reason is that one step in the proof of [BJ Theorem 6] consists of taking a symplectic 
sum with E{1) to kill two generators {t and s). But to get G x Z it suffices to kill t, for which the manifold 
P of Theorem [5] can be used instead of E{1). (Of course, if G is the fundamental group of a 3-manifold 
Y that fibers over S^, then y x S'^ is a symplectic 4-manifold with fundamental group G x Z and Euler 
characteristic zero.) 

Suppose M is a symplectic 4-manifold containing a symplectic torus T with trivial normal bundle so that 
7ri(M — T) = 1 or Z and so that pushing T into M — T induces a surjection tti{T) — > tti{M — T). It is easy 
to see that such an M must have 6+ > 1 and > 0, and hence if M is simply connected e(M) > 6. If 
TTi{M) — Z such an M must have e(Af) > 3. The manifold P has e{P) — 8. Further improvements in the 
geography problem for symplectic manifolds will be obtained if such an M is found with e{M) < 8. The 
search for such a manifold is a promising direction for future study. 

6.3. Other small simply connected manifolds. Our manifolds can be used to produce more interesting 
examples of small simply connected symplectic manifolds. We consider the case when 6+ = 3. 

As a warm up, consider the fiber sum of two copies of P along T (see Theorem [7]) If we form the fiber sum 
along a symplectic diffcomorphism that interchanges (up to sign) the two generators of tti (T) , The resulting 

manifold is a minimal simply connected symplectic manifold homeomorphic to 3CP^#11CP . One can glue 
using other maps to obtain manifolds with cyclic fundamental group with e — 16 and a = —8, reminicent of 
the way one constructs lens spaces from two solid tori. In particular there are infinitely many (isotopy classes 
of) gluings which produce simply connected examples. We do not know if these give distinct diffeomorphism 
types. 

For a smaller example, we start with a symplectic genus 2 surface H of square zero in T'*#2CP constructed 
by symplectically resolving x {(a, a)} U {{a, a)} x and blowing up twice. Thus the homomorphism 

induced on fundamental groups by the inclusion H C T*^2<CP takes the four standard generators of the 
genus 2 surface group to the four coordinate generators of 7ri(T'*#2CP ) = Z'*. Since H intersects each 
exceptional sphere in one point, the meridian of H in T^7^2CF is nullhomotopic. Hence an argument 
exactly like the proof of Lemma [1] shows that the symplectic sum of a manifold X with T'*#2CP along a 
square zero genus 2 surface has fundamental group obtained from that of X by requiring the four generators 
of the genus 2 surface in X to commute. 

Consider a parallel copy F' of the symplectic surface F in the manifold W = (T^ x S'^)#4CP . Then the 
sum W' of W and r^#2CP along F' and H is symplectic and minimal, using Usher's theorem. Moreover, 
■Ki{{W - F)#ir'-(r4#2CP^)) = Z^, and a quick check shows that the statement of Lemma [1] holds with W 
replacing W. The difference between the two is that e{W') = 10 and a{W') — —6. 

Taking the fiber sum R' of W (rather than W) with B, where B is the manifold constructed in Section 
O and performing Luttinger surgery gives another family (5'(fci,7i; ^2,72) with e = 14 and a ~ —6. As in 
Theorem [9] the manifolds M'{p) = Q'{1, s,py2 + t) are a family of minimal (hence exotic) simply connected 
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symplectic manifolds homeomorphic to 3CP^#9CP^. We remark that M'{p) is obtained from Af'(O) by 1/p 
Luttinger surgery. 

6.4. Some comments on Seiberg-Witten calculations. Fix k and consider the family M{k,p) = 
Q{kij s;l,py2 + t) of minimal symplectic manifolds with cyclic fundamental group Z/fc. Then M(k,p) 
can also be described as 1/p Luttinger surgery on C(fc,0) along y2- The usual way ([TD]) to distinguish such 
families of manifolds is by their Seiberg-Witten invariants, as follows. 

The torus T2 is nuUhomologous in M{k,p) for all p and so the Morgan-Mrowka-Szabo formula 17J for the 
Seiberg-Witten invariants of M{k,p) (see also [lOl Theorem 5.3]) states that 

SWM{k,p)iKp) = SWM{k,o)iKQ) + P^ SWx{k){Kx +i[T]) 

i 

where X{k) is the manifold obtained from Af (fc, 0) — nbd{T2) by gluing on x in such a way that the curve 
y2 bounds the meridian, and Kp, kx are homology classes that correspond (i.e. agree in H2{M{k, 0), TJj)). 

However, the manifold X{k) is not obtained by Luttinger surgery, and need not be symplectic. Hence 
we do not know if J2i S^x(k)iKx + i[T]) is non-zero and it does not immediately follow that the manifolds 

M{k,p) are distinct. In fact, when k — 1 (the case of exotic CP^#5CP^) a theorem of Stipcicz and Szabo 
PSI Proposition 4.3] implies that J2i ^^x(i){kx +i[T]) = 0. In particular, these Seiberg-Witten invariants 
cannot distinguish the manifolds M{l,p). 
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